In this paper, we have proved that if a complete conformally flat gradient shrinking Ricci soliton has linear volume growth or the scalar curvature is finitely integrable and also the reciprocal of the potential function is subharmonic, then the manifold is simply connected.
Introduction and results
A complete Riemannian manifold (M, g), of dimension n ≥ 2, is called a Ricci soliton if there exists a vector field X such that the following condition holds:
where λ is a constant and £ denotes the Lie derivative. The vector field X is called potential vector field. The Ricci solitons are self-similar solutions to the Ricci flow, which is developed by Hamilton [12, 14] . If X = ∇f , for some function f ∈ C ∞ (M), then (1) takes the form
It is called gradient Ricci soliton and the function f is called potential function. If f is constant then the gradient Ricci soliton is simply the Einstein manifold. An Einstein manifold with constant f is called trivial Ricci soliton. The Ricci soliton is called shrinking, steady or expanding if λ > 0, λ = 0 or λ < 0, respectively. If the gradient Ricci soliton is shrinking, then after rescaling the metric g we assume that λ = 1 2 . Then (2) takes the form
Shrinking Ricci soliton has great impact on the topology of the manifold. One of the first result in this connection is the Myers's classical theorem which says that a compact Riemannian manifold with positive Ricci curvature has finite fundamental group. Fernández-López and García-Río [11] proved, using universal cover, that the fundamental group is finite for the compact shrinking Ricci soliton. Zhang [27] also gave an alternative proof. The same result has been proved earlier by Lott [18] for gradient Ricci soliton. Naber [19] generalized this result and proved for bounded Ricci curvature. Wylie [24] proved the strongest result that any complete shrinking Ricci soliton has finite fundamental group. Later Chow and Li [9] gave an upper bound for the fundamental group for non-compact shrinking gradient Ricci soliton satisfying strongly non-collapsing condition.
In this paper, we have showed that a complete conformally flat gradient shrinking Ricci soliton with reciprocal of the potential functional being subharmonic and the manifold satisfying linear volume growth is simply connected. As a result of this, we have derived that the conformally flat restriction condition can be neglected in 3-dimension gradient shrinking Ricci soliton and in case of 4-dimension, half-conformally flat condition is needed. We have also deduced a compactness criteria for gradient shrinking Ricci soliton with quadratic volume growth.
The set of all finitely integrable function on the manifold M is denoted by L 1 (M), i.e., Since, in 3-dimension, the Weyl conformal curvature vanishes, the following result can be stated:
for every p ∈ M. Various properties of Riemannian manifold with linear volume growth have been studied by many authors, for example see [20, 21] . If we use the linear volume growth condition, then the curvature restricted condition of Theorem 1.1 can be omitted. Next using the proof of the Theorem 1.1, we will prove the following compactness criteria: (ii) f satisfies the inequality ∆f 2 ≤ |∇f | 2 , then M is compact.
Proof of the results
To prove the Theorem 1.1, we need the following result: Again Hamilton [13] proved that the potential function f in a shrinking gradient Ricci soliton, after adding some constant if necessary, satisfies
Since M is shrinking Ricci soliton, the scalar curvature is non-negative [25] and also f satisfies the asymptotic behavior [4] , i.e., there exist positive constants C and C ′ such that f obeys the estimation
where C + = max(C, 0). Again since M is non-flat [7] , R > 0. Thus (5) , yields f > 0. Therefore,
we calculate 1
Similarly, we calculate 1
For a fixed constant c > 0, as introduced in [8] , we define the function u in M by
Hence, using weighted Laplacian, (4) and (5), we obtain
and
From [10] , we get
Then, we conclude
Now, (9) and (11) together imply that for any constant c > 0
Then, from above inequality and (10), we obtain
Now for sufficiently small c > 0 we can consider u as positive inside B(p, C + 3n). Let us suppose that there is a point x 0 ∈ M − B(p, C + 3n) where u attains its negative minimum.
Then evaluation (13) at the point x 0 and using maximum principle, we get f (x 0 ) 2 ≤ n. Again (6) shows that f (x 0 ) ≥ 9n 2 4 , which leads to a contradiction. Hence, we conclude that u ≥ 0 in M. Therefore for sufficiently small c > 0, we obtain (14) R 
Since R ∈ L 1 (M), taking limit r → ∞ in both sides we get |∇ 1 f | 2 = 0, which implies that f is constant. Therefore, we conclude, using Myers's theorem, from (3) ol(B(p, 2r) ).
On the other hand, the manifold M satisfies the linear volume growth condition. Hence, taking the limit r → ∞ of the above inequality, we get |∇ 1 f | 2 = 0. Therefore, using the same argument of the proof of Theorem 1.1, we conclude that M is simply connected.
For the proof of Theorem 1.5, the following results are needed: Lemma 2.2. If f > 0 and ∆f 2 ≤ |∇f | 2 , then ( 1 f ) is subharmonic.
Proof. Given that ∆f 2 ≤ |∇f | 2 . Then
Therefore 2|∇f | 2 − f ∆f ≥ 0.
Since f > 0, the above inequality implies that
The right side of the above inequality is ∆( 1 f ), which is non-negative. Therefore, 1 f is subharmonic.
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